Propagation formulae for axisymmetric shock wave in a continuous, inhomogeneous medium are newly derived through hydrodynamic considerations on state of the flow immediately behind the shock, with the use of orthogonality conditions between shock-rays and their fronts as well as the shock relations. Quasi-stationary velocity of isentropic flow in a steady gravitation is approximately assumed.
Recently the propagation of shock wave due to a point explosion becomes important in various fields of astrophysics related, for example, to novae, supernovae and solar flares. Energies that give rise to those phenomena are originally supplied in many cases at the steller core and are carried out to its envelope or upper atmosphere by shock waves. Then an investigation on mechanism of shock propagation can connect observational measurements on those phenomena with their innermost causes and may contribute to an inference on evolution of star as well as on its structure.
In a steller medium under gravitational equilibrium, its density and pressure are functions of spatial position. Problems of propagation of shock wave in such inhomogeneous gases have been treated by many authors.l)~lo) Hayes, 7 ) among them, has proposed, on a semi-empirical basis, a method of calculating trajectories of shock on the assumption that the shock wave is of the self-propagating type, which means that the propagation is governed primarily by change m the ray-tube area and the gas state in front of the shock and is insensitive to conditions behind the shock.
Ono, Ishizuka and Taira   8 ) have recently derived a formula for shock propagation by an extension of methods taken by ChisnelF) and by Polachek and Seeger 12 ) for a stratified medium, and have applied them to shock propagations In media with one-dimensional variations of density and pressure.
All the above-cited workers essentially used the methods which disregarded physical correlation among the ray-tubes, setting aside their concerns about a geometric correlation due to areal change in the tubes. In other words, the flows in their tubes have no hydrodynamic connection with one another. In an inhomogeneous medium, however, this hydrodynamic correlation is decisively important to determine the direction of the ray-tube and hence its time development.
Sinha 10 ) has studied the propagation of a spherically developed shock wave in a polytrope with a toroidal magnetic field and has introduced a consideration of state of the flow behind the shock. But approximations adopted by Sinha, unfortunately, have not been able to reveal reasonable results: e.g., in the strong limit of shock-strength in an isothermal gas with one-dimensional distribution of density, the shock continues to keep the initial strength in its whole propagation, and in the weak limit, on the other hand, the conservation of energy-flux cannot be satisfied .
)
In this paper we attempt to obtain a method to treat the propagation of shock from the following points of view. A shock is regarded as a geometric discontinuity moving in a continuous medium, and its time development is determined only through hydrodynamic considerations on state of the flow behind the discontinuity, since a state of the flow in front of the shock has already been definitely given.
Assuming isentropic flow and steady gravitation and using the approximation of quasi-stationary velocity of the flow close 'behind the shock, we may get two ordinary differential equations for shock-strength, one of which is written down along a ray-path and the other along a front. If the approximation is appropriate to make those equations true characteristic equations, then the orthogonality between computed rays and fronts will naturally be realized in cooperation with the refraction formula which is obtained from necessary conditions fo,r the orthogonality. Conversely, from the realization of the orthogonality we may examine whether our approximation has been effectively imposed.
The areal change in ray-tube to give a fundamental effect on the variation of shock-strength along a ray-path is obtained on the logical base that the formula for refraction of ray should hold everywhere on an equi-density surface or a shock-surface.
In § 2, we present propagation formulae for the axisymmetric shock wave, taking account of shock geometry involving the orthogonality conditions and hydrodynamics of the flow behind the shock. In § 3, propagations of shock are calculated as a few examples of eccentric explosion in a star, with a model of highly rotating star. Discussions on our treatment, especially on the imposed approximation, are made in § 4, in addition to an examination of eccentric propagation in a medium with one-dimensional density distribution. A ray-path is defined as an orthogonal trajectory to the family of shocksurface. We consider in the present work ray-paths on a plane, because we will only deal with an axisymmetric shock wave.
In the first place, we think a differential designated by a along a profile of an equi-density surface. For example, as is a small length on the profile cut by two adjacent ray-paths and at is a difference of the arrival time of those rays at the profile. From Fig. 1 it is obvious that a necessary condition for the orthogonality of ray-path to shock-front is given by
where U is the ray-speed at a point on an equi-density profile and r5 is the sine of angle made by the ray with the normal at the point to the profile. In order that the condition (2 ·1) is maintained throughout the propagation, the following equation must still be required:
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where d/ dt is the time differential operator along a ray-path.
Using (2 · 2) and also the fact d (at) = o (dt), which is easily verified m Fig.   1 , we find the following formula:
Now, let us adopt a system of r~ctangular co-ordinates (x 1 , x 2 ) on the plane made of rays. We then introduce two kinds of differential for xh i.e., 
The combination of (2·3) and (2·4) results in
Simplification of (2 · 6) will be made as follows. At first, let Lis= osv1-0" 2 be a small length-cut from a shock-profile by two rays forming a small angle ,d(}, then the following relation holds:
On the other hand, a spatial differential along a shock-profile for a func~ion F is in general expressed by
as seen from Fig. 1 . Dividing the both sides of this equation by Lis and using (2 ·1) we can get the following relation:
Now, by use of (2 · 7) and (2 · 8), (2 · 6) can be reduced into
As seen from the division of (2 · 9) by v1-6 2 U and the use of (2 · 8), (2 · 9 ) is nothing but the theorem which describes a relation between curvature of a raypath and component of logarithmic gradient of the wave speed along the front.
>
For a later use we provide the following commutation relation between o/os and djdt which operate on a function F satisfied with o(dF) =d(oF):
where (2 · 3) has been used. We regard a shock-surface as being consisted of many small elementary plane-fronts. Except for acoustic case in which (J U / (Js = 0, (2 · 9) shows that the state of the flow behind one of those elementary fronts is physically connected with the states of flows behind others. Consequently, we need to discuss as a whole the hydrodynamic state of the flow behind the shock.
The shock wave in our case expands axisymmetrically into the medium ,which is initially at rest and has an axisymmetric distribution of density. We take the x2-axis as the symmetry-axis and put the hydrodynamic equations for a description of the unsteady flow immediately behind the shock, assuming the isentropic property of the flow and a steady field of gravitation. They are expressed in a right-handed co-ordinate system (xh x2, x 8 ) as
where q = (u, v, w) = q C \II-ce, a, o) is the flow-velocity, p and p are the density and the pressure, respectively, and the subscription 0 specifies their initial values. The speed of sound wave is denoted by a. Let ds and Lis be spatial differentials at t =constant along the normal and tangential directions to a shock-front, respectively, then we have the two differential operators expressed as
The time differential operator along a ray-path mentioned before ts now represented by
dt at ds
Using those operators and putting justly a= a and Lla/ Lis= .da/ Lis at the immediate back of shock, we can express (2 ·11) to (2 ·13) as
here we have used the fact (8w/8xs)x
/ xh denoting the infinitesimal azimuth by cp. According as we eliminate dp/ds or da/ds from (2·11)' and (2·12)', the following equations can be obtained successively:
and dq -(U-q) dq +_l_ dp _ _l_ dp 0 =0.
We, in the next place, eliminate dp/ ds from (2 ·13)' and (2 ·15) to get
Now, a spatial distribution of the velocity of the flow behind the shock must be determined dependently, more or less, on the explosion itself due to which the shock brings about. But we take the approximate position that the velocity of the flow immediately behind the shock is always quasi-stationar y. Hence, the following become imposed on the whole development of our shock: and l_ dp _l_(
here we have used without any approximation the relation dpo= l_ dpo ds U dt
iii) Refraction of ray, opening of rays and strength-variation along an equidensity profile
Throughout the present paper, we suppose the fluid obeys initially the polytropic equation of state K being a constant. We will further need the shock relations:
(Rankine-Hugoniot relation in an ideal gas) z+ U= ../(Po/Po)(z+A.
2 )/(z+A. 2 ) with A 2 = Cr-1)/(r+1), where r is the ratio of specific heats and the subscription 0 denotes the variables of fluid directly before the shock, which is the same with that in (2 ·11) to (2 ·13), since we have been dealing with the shock regarded as a geometric discontinuity. By the use of the above relations, (2 · 9) and (2 ·19) are rewritten as
through the use of the relation 
In the limit of weak shock, z -I <I, we have
Furthermore, replacing (J in (2 · 23) by .J1-a 2 we get the so-called Snell's law for an incidence of acoustic wave into a plane layer whose normal is parallel to the x 2 -axis :
Next we will examine opening of neighbouring rays. From the reason that the refraction formula (2 · 23) must hold everywhere, a formula to be derived from a spatial differentiation for (2 · 23) should also exist. Furthermore, since the relation d (oa) = o (da) should be satisfied, we can use the commutation relation (2 ·10) for a. Thus, performing the a-differentiation for (2. 23) and USing (2 ·IO), we have the following expression: 
It is shown in the following way that oa/os is related to the opening of neighbouring rays. An elementary surface-area JA on a shock-front is obviously proportional to x 1 Lis, so that we have
The substitution of (2 · 7) for (2 · 26) gives It must be noticed that in (2. 27)' the sign of OS is taken so as to keep oxl positive. Integrating (2. 25) to get oa/ OS and inserting it into (2. 27)'' we have a time rate of the areal change in ray-tube, i.e., of the opening of neighbouring rays.
iv) Variation of shock-strength along a ray-path
The shock relations mentioned before turn (2 · 20) into the form _!_{ 3 +1+}.
on account of (2 · 27). This expresses the variation of the strength z along a ray-path. It is noticed that (2 · 28) does not directly depend on the angle of incidence, sin-1 6, as far as we are concerned with the quasi-stationary flow perpendicular to the front.
In the acoustic limit, it is easily integrated to give the well-known relation,8) the conservation of energy-flux,
where k = 1/ n + 1. Conversely, in the strong limit of a plane-shock which propagates in the direction of normal to equi-density surfaces in a medium with one-dimensional distribution of density, we have
This {3 corresponds to that obtained by Ono, Sakashita and Yamazaki 3 ) with their theory COSY-theory). They have obtained Numerical comparisons between both formulae are given m Table I After all, "characteristic equations" of axisymmetric shock wave could be said to consist of (2 · 23) to (2 · 26) and (2 · 28), provided that they are compatible with one another in a sense to be stated below.
v) Compatibility
Let us consider a small quadrilateral made from two rays and two shockprofiles (see Fig. 1) . Two values for a physical quantity F on a pair of opposite vertices are connected with each other by either of two integration-path via each of the remaining vertices. In order that such two integrations get the same value for F without a contradiction, the condition d (L1F) = L1 (dF) should be satisfied. The condition is equivalent to the following commutation-relation between d/ dt and L1/ Lls which operate on F:
where the right side occurs due to the opening of rays. It is also verified that the use of (2 · 8) and (2 ·10) always assure the realization of (2 · 32). Therefore, we can say that if F satisfies (2 ·10), then it also satisfies (2 · 32) which will be called the compatibility condition. Now, since (2 · 25) has been obtained from (2 · 23) after the use of (2 ·10), the compatibility between (2 · 23) and (2 · 25) is hence obvious. On the contrary, (2 · 24) and (2 · 28) have been extracted from the partial differential equations, (2 ·11) to (2 ·13), by virture of the approximation that the stream line exists in quasi-stationary in the flow close behind the shock and not by any intermediation of (2 ·10). As a consequence, it would not strictly be expected that (2 · 24) and (2 · 28) are compatible with each other in the sense of (2 · 32).
Lack of the cqmpatibility owing to inappropriateness of the approximation must necessarily result in violation of the orthogonality between computed rays and fronts. Because the necessary condition for the orthogonality (2 ·1) would become a sufficient condition for the orthogonality, too, only when the compatibility condition (2 · 32) would be satisfied. Validity of the assumption, therefore, will inversely be checked by the deviation from the orthogonality after the computation. § 3. Eccentric explosion of star
We are now dealing with the problem of eccentric explosion of a star whose shape deforms due to its high rotation. The shock wave originated at the centre of the star propagates toward the surface with variations of its strength along time trajectories of rays. The propagation formulae derived in § 2 are just applicable to such a problem.
We use, throughout the calculations, scaled variables for which length and time are given in units of and respectively. Here, Pc is the central density and G is the universal constant of gravitation. Velocity is represented, consequently, in unit of (Kp/1ny12.
i) Highly rotating model for a star
According to Roberts,l 3 l equilibrium of a highly rotating mass of fluid which obeys the polytropic equation of state can be described by the following equations:
where W is a parameter whose value is given in terms of angular velocity of rotation of the star. From (3 · 2) and (3 · 3) we see that the equi-density profile is expressed by an ellipse with an eccentricity e. Let ~0 be the first zero of a solution of (3 ·1) under the conditions (H) (0) = 1 and (H)' (0) = 0, then it corresponds to the surface of the star. The eccentricity e is determined by (3·4) where
and ii) Variation of density directly before a shock
The time variation of density contained in the right side of (2 · 28) IS given by (3 · 2) and (3 · 3), namely
with iii) Ray-path and wave-front
We have already used the following equations m (3 · 5) as obvious:
and
From the integrations of (3 · 6) and (3 · 7) we can get a ray-path of the shock, and connecting simultaneous points on all the ray-paths we obtain a temporal wave-front.
iv) Explosion stage
A shape of initial shock-surface (shock-front at the explosion stage) and a distribution of shock-strength on it should both simultaneously be determined by the explosion itself and the state of surrounding gas. It is, however, so difficult in many cases to know the conditions of explosion itself precisely that we cannot help choosing properly a shape for the initial surface at first and then determining the distribution of the strength so as to adjust to this shape. The distribution on the surface is given by
which depends on a shape chosen for the initial surface through the mediation of o-. We will take up, for example, Type II supernova explosion and deter-mine its shape of front at the explosion stage from the following point of view.
At an implosion stage prior to the explosion in Type II supernova, as proposed by Hoyle-Fowler/ 4 ) the inner region of the star may be contracted so suddenly that the temperature of the region rises high enough to bring about various rapid nuclear reactions. According to Ohyama/ 5 ) a layer by which the region is enveloped forms the so-called burning front and it pushes up a shock wave toward the surface d'f the star. Following this conception we may assume that the shape of initial shock-surface coincides with an equi-density surface at the deeper region of medium before the explosion. This means (} = 0 at the explosion stage.
Putting (} = 0 in (2 · 24) and also in (3 · 8) we get simply
here and hereafter, all the initial values are denoted by the subscription i. We get from (3 · 9) zi =constant on the initial shock surface. The initial values concerning the direction of ray-path are given by
Our numerical calculations are performed by the two models of star with the parameters in Table II . Our choice of a position of the initial shock-surface is made in the same way as the paper of Ono and Sakashita 5 ) which dealt with the shock propagation in a spherical distribution of density. Then our initial shock-surface is on the equi-density surface specified with ~i which is about 0.13~0 • Also, we take zi=3 and 10, respectively, similarly to their paper.
The computational results are shown in Fig. 2 for zi = 3, and in Fig. 3 for zi = 10. We see firstly that the orthogonality between rays and fronts is satisfied excellently well inside the line A-B drawn along an equi-density profile in each of the figures. Accordingly we can say, as stated in the last of § 2, that (2 · 24) and (2 · 28) are almost compatible with each other inside the line A-B and we can at least draw out some reliable conclusions from the domains deeper than those lines.
We observe the following facts in the domains: (a) The strength z on a ray-path decreases firstly due to a superior of the its eccentricity e and the bends of shock-paths become more gentle. In fact, if we take zi = 3, for example, the distance from the centre to the point of intersecion of the line A-B and the x1-axis contracts to 0.61RE from 0.92RE as e decreases to 0.60 from 0.68. Here, RE is the length of the equatorial radius. § 4. Discussion
The violation of the orthogonality is due to inappropriateness of the adopted approximation, quasi-stationary velocity of the flow immediately behind a shock. It seems likely from Figs. 2 and 3 that the inappropriateness becomes conspicuous with increase of incline of the front to an equi-density surface in the propagation. In other words, our theory may not be applicable to shock-rays with too large angles of incidence. To verify it, we examine another example of the propagation of shock in a polytrope (n = 2) with one-dimensional density distribution, taking a spherical surface as the shock-front at the explosion stage (see Appendix A). The result is shown in Fig. 4 and we are right in our conjec-0.00 Q,_l l t 0.5 Fig. 4 . Time development of the axisymmetric shock in a polytrope (n=2) with one-dimensional density-distribution, a spherical surface being taken as the shock-front at the explosion stage. Though many other shock-paths and their fronts are omitted from the figure, it is sufficient to specify a region satisfied by the orthogonality.
ture.
Previously the so-called shock critical angle of incidence has been introduced by the theories 6 ),S) based on the medium-stratification model, and over the angle the theories have never been able to obtain any real solution. This circumstances are intimately associated with the model itself in which we cannot help concerning ourselves with waves successively reflected from each of the strata of the medium. The critical angle of incidence appears as soon as this reflected front makes a right angle with an interacting stratum (layer) (see Appendix B). It is then of interest to look whether connection exists between the critical angle and the violation of the orthogonality. We already know that at the strong limit of strength of shock our (2 · 28) agrees fairly well with that de-rived from the OSY-theory in the normal propagation into a medium with onedimensional distribution of density, as stated in iv) of § 2. If we adopt a formula obtained from an extension of the OSY-theory instead of (2 · 28) to describe the variation of z along a ray-path (see Appendix C) and treat the same problem in a similar way, then we can expect to solve not only the question proposed between the critical angle and the violation of the orthogonality but also a problem to what extent both formulae, (2·28) and (C·1), numerically agree with each other in strength other than the strong limit.
In Table III , two kinds of computational results are compared for the early part of every typical ray-path. The strength z is there indicated by a numeral and the direction a by a numeral in parentheses. The thick line encloses the region where the orthogonality is well satisfied, and an empty column reflects the fact the unphysical solution has been obtained there. We see on the table that in the adoption of (C ·1) the violation of the orthogonality already occurred before the appearance of the critical angle. This means that neither has any direct connection with each other, but the quasistationary shock-configuration involving the r~flected front becomes inappropriate before the appearance of the critical angle. Within the region enclosed by the thick line the respective agreement of two kinds of values of z and of a is comparatively good. This tendency is also confirmed with all the ray-paths not placed on the table.
We after all get the following conclusions. (a) Both the formulae (2 · 28) and (C ·1) are almost equivalent in spite of their derivations from distinct footings, e.g., though the latter explicitly involves the angle of incidence sin-\r, but not the former. (b) Their valid applications are within the confines of rays projected into medium at comparatively small angles near or less than the critical angle of incidence. (c) Outside the confines in (b), the approximation of quasi-stationary flowvelocity applied immediately behind a shock carmot continue to be appropriate. (d) The quasi-stationary flow-velocity assumed behind the shock seems to promote rather than to restrain the excessive increasing in incline of shock-front. Another reformed approximation, contrary to (2 ·17), may propose a "stream-line" whose curvature differs from that of the ray-path, and it will keep the path from being bent too much above the line A-B.*)
If unsteady flow is introduced according to (c) and (d), there may be a possibility that above the line A-B the shock becomes absolutely unstable due to a turbulent field caused by strong vortices behind the front. In fact, for *> If, in fact, (2·17) is replaced by dii/ds=O, the ray-path develops a tendency to bending further from the equatorial plane throughout its propagation, in contrast with Figs. 2 and 3. Then their proper combination would realize the orthogonality completely. Details will be reported in a forthcoming article. shock (1 : 2) is projected and transmitted as a plane-shock (6 : 5), accompanied with a tangential discontinuity (5 : 4) and a reflected front (2: 3) . The reflection law is expressed as follows : 
Now, multiplying both sides of (B · 2) and (B · 5) by the unit normal to the discontinuity, n, and adding them we have the following equation: 'I'herefore, if the fluid is at rest initially, i.e., u 1 = 0, u 23 should be perpendicular to n in incidence at the critical angle, as stated in § 4.
Appendix C
In a theory based on the medium-stratification model we regard an inhomogeneous medium as a stack of layers of uniform density separated by infinitesimal contact discontinuities, and consider interaction between a layer and many shocks (see Fig. Al) . Using the ~o-called quasi-stationary approximation method 6 ), S) and taking account of the change in the area JA of the ray-tube, we get the following formula for the variation of shock-strength with the same notations as those in § 2: To derive (C·l) use has been made of (2·9), refraction law, and (B·l), reflection law.
